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Heuristic explanation of 
the Leeson effect
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 General oscillator model
4

The model also describes the negative-R oscillator

V 

sense
β

negative-R amplifierresonator

compression

AM-PM noise

Barkhausen condition   Aβ = 1  at ω0 
(phase matching)

[1+α(t)] cos[ω0t+φ(t)]

AMPM

η(t)ψ(t)

A
gain

compression

β

noise

real amplifier

resonator
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Heuristic derivation of the Leeson formula
7
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Though obtained with simplifications, this result turns out to be is exact
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fast or slow?



Oscillator noise 
 --  real sustaining amplifier  --
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phase

Lfc

b0

f−2
x

f−2
x

b−3
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f−3
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Sϕ(f) fL > fcType 1

b0

fL fc
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b−3 f−3

Sϕ(f) fL < fcType 2

b−1 f−1

b−1 f−1

f

amplifier
white phase

flicker
freq

white
freq

white phase

amplifier

flicker
freq

f

flicker

f

The sustaining-amplifier noise is Sφ(f) = b0 + b–1/ƒ  (white and flicker)
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total noise

the output buffer
noise is not visible

total noise

total noise total noise

f<fLintersection

buffer
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fL

Sϕ(f)
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1/f3
lower

f0

f0

1/f

1/f

f<fLintersection

buffer
output

low−flicker sustaining
amplifier (noise corrected)
and normal output buffer
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f0

1/f

low−flicker sustaining
amplifier (noise corrected)
and normal output buffer

1/f

fL < fcType 2A

fL > fcType 1A fL > fcType 1B

fL < fcType 2B

f f

sustain. ampli.

f

sustain. ampli.

f

sustain. ampli.

f

1/f noise appears

sustain. ampli.

L fc

Sϕ(f)

1/f3

f0

1/f

f0

Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press

The effect of the output buffer
9

Cascading two amplifiers, 
flicker noise adds as 

Sφ(ƒ) = [Sφ(ƒ)]1 + [Sφ(ƒ)]2



The resonator natural frequency fluctuates
10

Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press
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• The oscillator tracks the 
resonator natural 
frequency, hence its 
fluctuations 
• The fluctuations of the 

resonator natural 
frequency contain  
1/ƒ and 1/ƒ2 

(frequency flicker and 
random walk), thus  
1/ƒ3 and 1/ƒ4 

of the oscillator phase 
• The resonator bandwidth 

does not apply to the 
natural-frequency 
fluctuation. 
(Tip: an oscillator can be 
frequency modulated at 
a rate >> fL)



Resonator theory
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[1+ε(t)] cos[ω0t+ψ(t)] [1+α(t)] cos[ω0t+φ(t)]

δ(t)

resonator
Q,  ωn

δ(t)

bφ(t)bα(t)2nd order differential equation

Linear Time-Invariant system 

Impulse response and frequency response 
in the amplitude-phase space



Resonator – time domain
12

inductor

ZC
1

sC
=

ZR = R

ZL sL= d
dt

vL(t) i(t)L=

1
C 0

t
i(t’) dt’vC(t) =

vR(t) = R i(t)
v(t)
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capacitor

resistor

t

4Q2
1−p

i(t)

1
1/f

n

time
relaxation

envelope

ω=τ 2Q

e−t/τ

nωfp =
2π

⇥n natural frequency
Q quality factor
� relaxation time

� = 2Q
�n

⇥p free-decay pseudofrequency
⇥p = ⇥n

�
1� 1/4Q2

ẍ +
�n

Q
ẋ + �2
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�n

Q
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shorthand: f = ω/2π
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Resonator – frequency domain
13
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� =
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⇥

⇥{�} =
�Q⇥

1 + Q2⇥2

� =
1

1 + jQ⇥

�{�} =
1

1 + Q2⇥2

|�|2 =
1

1 + Q2⇥2

arg(�) = � arctan(Q⇥)



Linear time-invariant (LTI) systems
15

Laplace

(t)δ
LTI
system

LTI
system

jω te H(jω) jω te

LTI
system

vi(t) vi(t)*h(t)

LTI
system

Vi (jω) H(jω) Vi(jω)

LTI
system

S ω)i( H(jω)| |2 S ω)i(

LTI
system

LTI
system

Vi Vi

est H(s) est

(s) (s)H(s)

time
domain

Fourier
transform

Noise
spectra

transform

h(t)

H(�) =
� ⇥

�⇥
h(t) e�j�t dt

impulse response

response to the generic signal vi(t)

H(s), s=σ+jω, is the analytic continuation of 
H(ω) for causal system, where h(t)=0 for t<0
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0
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Laplace-transform patterns 16
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Fundamental theorem of complex algebra:  F(s) is completely determined by its roots
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Resonator impulse response
17

Q, ωn

[1+ε(t)] cos[ω
0
t+ψ(t)] [1+α(t)] cos[ω
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t+φ(t)]
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cos(ω
0
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cos[ω
0
t+φ(t)]

t = 0

κ ∫b(t) dt

set a small phase or amplitude

step κ at t=0, and linearize for κ→0 
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1
�
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(1+ κ)cos(ω
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[1+α(t)]cos(ω
0
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2nd order differential equation

relaxation
time
� =

2Q
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file: ele-resonator-delta-response

—  or  —

Can’t figure out a δ(t) of phase or amplitude?   Use Heaviside (step) u(t) and differentiate



Response to a phase step κ
18

v’I (t)

v’O(t)

v’’I (t)

v’’O(t)

τ

phase κ

τ

phase 0

envelope

t

t

v(t)

envelope

v(t)

t

t

switched off at t = 0 switched on at t = 0

exponential decay exponential growth

A phase step is equivalent to switching a sinusoid off 
at t = 0, and switching a shifted sinusoid on at t=0

cos(�pt) e�t/� cos(⇥pt + �)
�
1� e�t/�

⇥

Fi
gu

re
s 

ar
e 

fro
m

 E
. R

ub
io

la
, P

ha
se

 n
oi

se
 a

nd
 fr

eq
ue

nc
y 

st
ab

ili
ty

 in
 o

sc
ill

at
or

s,
  ©

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss



19

Resonator impulse response (ω0=ωn)
vi(t) = cos(⇥0t) u(�t)⇤ ⇥� ⌅

switched o� at t = 0

+ cos(⇥0t + �) u(t)⇤ ⇥� ⌅
switched on at t = 0

vo(t) = cos(⇥pt) e�t/� + cos(⇥pt + �)
�
1� e�t/�

⇥
t > 0

vo(t) = cos(⇥pt)� � sin(⇥pt)
�
1� e�t/�

⇥
�⇥ 0

vo(t) = cos(⇥0t)� � sin(⇥0t)
�
1� e�t/�

⇥
⇥p ⇥ ⇥0

phase step κ at t=0

output

linearize

high Q

slow-varying phase vectorVo(t) =
1⇥
2

⇤
1 + j�

�
1� e�t/�

⇥⌅

arctan
⇤
⌅{Vo(t)}
⇤{Vo(t)}

⌅
⇥ �

�
1� e�t/�

⇥

impulse response

b(t) =
1
�

e�s� � B(s) =
1/�

s + 1/�

phasor angle

delete κ and differentiate
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Detuned resonator (ω0 ≠ ωn)

phase step κ at t=0

�
�
⌅

⇥
=

�
b�� b�⇥

b⇥� b⇥⇥

⇥
�

�
⇤
⇥

⇥
⇥

�
A
�

⇥
=

�
B�� B�⇥

B⇥� B⇥⇥

⇥ �
E
⇥

⇥
amplitude 
phase

� = ⇤0 � ⇤n

�0 = |�(j⇤0)|
⇥ = arg(�(j⇤0))

detuning 

modulus 

phase

vi(t) =
1
�0

cos(⌅0t� ⇥) u(�t)
⇧ ⌅⇤ ⌃

switched o� at t = 0

+
1
�0

cos(⌅0t� ⇥ + ⇤) u(t)
⇧ ⌅⇤ ⌃

switched on at t = 0

=
1
�0

cos(⌅0t� ⇥) u(�t) +
1
�0

�
cos(⌅0t� ⇥) cos ⇤� sin(⌅0t� ⇥) sin⇤

⇥
u(t)

⇤ 1
�0

cos(⌅0t� ⇥) u(�t) +
1
�0

�
cos(⌅0t� ⇥)� ⇤ sin(⌅0t� ⇥)

⇥
u(t) ⇤⇥ 1.
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Detuned resonator (cont.)

output, large Q (ωp=ωn)

slow-varying phase vector

impulse response

vo(t) = cos(⇥0t)� � sin(⇥0t) + � sin(⇥nt) e�t/�

vo(t) = cos(⇥0t)
�
1� � sin(�t)e�t/�

⇥
� � sin(⇥0t)

�
1� cos(�t)e�t/�

⇥use Ω = ω0 – ωn

Vo(t) =
1⇧
2

⇧
1� � sin(�t)e�t/� + j�

�
1� cos(�t)e�t/�

⇥⌃
�⇥ 1

arctan
⌅{Vo(t)}
⇤{Vo(t)} = �

⇤
1� cos(�t)e�t/�

⌅

|Vo(t)| = |Vo(0)|� � sin(�t)e�t/�

angle 

amplitude

delete κ and differentiate

b⇤⇤(t) =
�
� sin(�t) +

1
�

cos(�t)
⇥
e�t/⇥ phase

b�⇤(t) =
�
�� cos(�t) +

1
�

sin(�t)
⇥
e�t/⇥ amplitude



Resonator step and impulse response
22
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Frequency response
23
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Formal proof for 
the Leeson effect

24



Low-pass representation of AM-PM noise
25

PM AM

Leeson Effect extension of the LE to AM noise
The amplifier 
– “copies” the input phase to the out 
– adds phase noise

The amplifier 
– compresses the amplitude 
– adds amplitude noise
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Effect of feedback
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Leeson effect
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Oscillator with detuned resonator
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Low-pass model of amplitude (1)
29

differential equation

simple feedback theory

Gain compression is necessary for the 
oscillation amplitude to be stable

The Laplace / Heaviside formalism  cannot be used because the amplifier is non-linear

First we need to relate the system restoring time τr to the relaxation time τ
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Common types of gain saturation
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Gain compression is necessary for the oscillation amplitude to be stable
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Three asymptotic cases

homogeneous 
differential 
equation

Low-pass model of amplitude (2)
31

Startup:   u→0,    A → A0 > 1 

Regime:   u→1,   A = 1 – γ (u – 1) 

Linear gain:   A = 1 – γ (u – 1)

At low RF amplitude, 
let the gain be an 
arbitrary value 
denoted with A0

For small fluctuation 
of the stationary RF 
amplitude, the gain 
varies linearly with V
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Startup – analysis vs. simulation
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van der Pol oscillator 
simulated by RB

analytical solution, 
A = 1–γ(u–1)

10 MHz oscillator 
L = 1 mH 
R = 125 Ω 
Q ~ 503

ex
po

ne
nt
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l

sa
tur

ati
on

Rising exponential. 
We find the same 
time constant –τ/γ



Gain fluctuations  –  definition
33

Gain compression is necessary for the oscillation amplitude to be stable
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Gain fluctuations  –  output is u
34
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Gain fluctuations  –  output is v
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Additive noise  –  output is u
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Additive noise  –  output is v
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Parametric noise & AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 
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Effect of AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 
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Noise transfer function, and spectra
40

AM-PM coupling shows up here

In a real oscillator, flicker noise shows up below some 10 kHz 
In the flicker region, all plots are multiplied by 1/f

Notice that the AM-PM coupling can increase or decrease the PM noise
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Noise spectra
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A. Savchenkov & al, Opt. Lett 35(10) 1572-74, 15 may 2010, Fig.2

from 8 GHz to 11.8 GHz [Fig. 3(a)]. The RF phase
was not optimized during the measurement. This is a
significant achievement, since the continuous broad-
band tunability of a fiber-based OEO containing a
tunable filter [8] is generally impossible without
regulating the RF phase. The fiber delay line sup-
ports discreet supermodes, and the tunable optical
filter makes it possible to switch the OEO frequency
among the supermodes. The continuous tunability re-
quires modification of the supermode frequency as
well, and it can be achieved either with an RF phase
shifter or with stretching or heating the fiber loop.
The continuous tunability of our oscillator is possible
because of its small size and the corresponding short
loop length.

To find the tunability speed of the oscillator we per-
formed a measurement of the response time of the
open TOEO loop and found that the tuning speed is
basically given by the power buildup time in the op-
tical resonator. To measure the time we applied a
1 MHz periodic rectangular voltage signal with a
5 ns rise time and 2 V amplitude to the optical reso-

nator. The frequency difference between TE and TM
modes (the SSB modulation frequency) was modu-
lated with 160 MHz amplitude. The self-injection-
locking of the laser is robust with respect to the
modulation; so the laser followed the WGM during
the modulation process. To measure the switching
speed we sent a resonant RF signal to the TOEO loop
and observed changes in the photocurrent as the
modulation frequency takes the resonator in and out
of resonance [Fig. 3(b)]. The observed ring-down sig-
nal has a 165 ns duration, which approximately cor-
responds to the ring-down time of the optical mode
with 1 MHz bandwidth. This basically confirms the
intuitive conclusion that the tuning speed of the
TOEO circuit is given by the highest-Q mode in-
volved in the process. The optical resonator, as the
energy-storage element, limits the tuning speed.

In conclusion, we have demonstrated a tunable
opto-electronic oscillator having broad tunability and
capable of generating RF signals characterized with
high spectral purity. The oscillator takes advantage
of an electro-optic resonator possessing whispering
gallery modes with large optical quality factors. The
oscillator performance can be further improved, and
the device may be packaged to have a smaller form
factor, which would make it attractive for a variety of
applications in which, in addition to phase noise,
small size and low power consumption are important.

This material is based upon work supported in part
by the Defense Advanced Research Projects Agency
(DARPA) under SPAWAR Systems Center, Pacific
contract, N66001-07-C-2049.
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Leeson effect 
in the delay-line oscillator

42
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Motivations
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• Potential for very-low phase noise in the 100 Hz – 1 MHz range 
• Invented at JPL, X. S. Yao & L. Maleki, JOSAB 13(8) 1725–1735, Aug 1996 
• Early attempt of noise modeling, S. Römisch & al., IEEE T UFFC 47(5) 

1159–1165, Sep 2000 
• PM-noise analysis, E. Rubiola, Phase noise and frequency stability in 

oscillators, Cambridge 2008 [Chapter 5] 

• Since, no progress in the analysis of noise at system level 
• Nobody reported on the consequences of AM noise



Low-pass representation of AM-PM noise
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PM AM

Leeson Effect extension of the LE to AM noise
The amplifier 
– “copies” the input phase to the out 
– adds phase noise

The amplifier 
– compresses the amplitude 
– adds amplitude noise
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Leeson effect
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Gain fluctuations  –  output is u(t)
46

�

Linearize for low noise and 
use the Laplace transform

use u=α+1, expand and linearize for low noise

linearized equation

result

Laplace transform

�u(t)� Au(s) and ⇥(t)� N (s)

A = 1� �(u� 1) + ⇥

Σ A

file: ele-OEO-AM-scheme
delay    

low-pass

u = 1 + �u

�u(t)� Au(s)

v = 1 + �v

�v(t)� Av(s)

�(t)� E(s)

⌧

H(s) =
Au(s)
N (s)

H(s) =
1

1� (1� �)e�s�

definition

u = A(t� �) u(t� �)
non-linear 
equation

�(t) = (1� ⇥)�(t� ⌅)� ⇥�2(t� ⌅)
+ ⇤(t� ⌅) + ⇤(t� ⌅)�(t� ⌅)

0
0

�(t) = (1� ⇥)�(t� ⌅) + ⇤(t� ⌅)

Au(s) =
⇥
1� (1� �)e�s�

⇤
= N (s)

The low-pass has only 2nd order effect on AM
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boring algebra relates αv to αu
result

linearization 
for low noise

v = Au
A = ��(u� 1) + 1 + ⇥

v = [��(u� 1) + 1 + ⇥]u
v = [�⇥�u + 1 + ⇤] [1 + �u]
1 + �v = 1 + ⇤ � ⇥�u + �u � �u⇤ � ⇥�2

u

�v = (1� ⇥)�u + ⇤

�u =
�v � ⇤

1� ⇥

Au(s) =
Av(s)�N (s)

1� �

Au(s)
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1� (1� �)e�ı⇥�
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= N (s)

H(s) =
Av(s)
N (s) definition

starting equation

�
Σ A
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1� (1� �)e�s�

The low-pass has only 2nd order effect on AM

use u=α+1
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b
–3  = –10 dBrad 2

/Hz

b
–4  = +2 dBrad 2

/Hz

b
–2  = –42 dBrad 2

/Hz
min = –137 dBrad

2
/Hz

NIST 10.6 GHz OEO, Römisch & al, IEEE UFFC 27(5) p.1159 (2000)
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Opto-electronic oscillator simulation
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AM & PM spectra were anticipated
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Fig. 3. Theoretical power density spectrum of the microwave noise
signal below threshold, with rad /Hz and , using
(14). The semi-logarithmic scale is adopted because it enables to see at the same
time the fine structure of regularly spaced ring-cavity peaks, and the global vari-
ation shaped by the RF filter bandwidth. This spectrum is divided into two areas:
a quasi-flat area within bandwidth, and a dB/dec decrease outside the band-
width.

Fig. 4. Experimental power density spectra of the microwave noise below
threshold. The spectrum has been scaled to its maximum (reference at 0 dB).
(a) Spectrum in a 200 MHz window, showing how the noisy power density is
profiled by the RF filter. (b) Zoom-in with near the 10 GHz central frequency
in a 500 kHz window, showing the noisy ring-cavity peaks.

where is a real Gaussian white noise of correlation
[same variance as ]. We

Fig. 5. Theoretical phase noise spectrum above threshold in a 500 MHz
window, with rad /Hz, rad /Hz,

kHz and Hz. The dimensionless amplitude of the
microwave oscillation is , corresponding to a power of 10.5 dBm.

can use (18) to obtain the Fourier spectrum of the phase
, and then its power density spectrum following

(19)

Note that here, the influence of gain on phase noise is not explicit
anymore: it is implicitly contained in . Fig. 5 displays the
phase noise spectrum explicitly expressed by (19), and we can
now analyze how the spectrum behaves according to the various
frequency ranges.

A. Phase Noise Close to the Carrier

Here, we consider the spectrum for frequencies which are rel-
atively close to the carrier (with , however). Qualita-
tively, this corresponds to the frequencies that are much smaller
than the high corner value of the multiplicative flicker noise.
In this region, flicker noise is stronger than white noise, so that

. On the other hand, we can also con-
sider that . Therefore, taking into account the
fact that , (19) can be simplified into

(20)

Some remarks can be made at this stage. First, The Leeson effect
[13] is here very explicit: the phase noise spectrum decreases as

due to the flicker noise. Secondly, phase noise is in-
versely proportional to . Thirdly, phase noise is practically
independent of the microwave amplitude , as long as mul-
tiplicative noise is stronger than additive noise near the carrier.
Finally, phase noise decreases as , therefore justifying the
need for very long delay-lines to reduce phase noise close to the
carrier. This dependence was also recovered analytically by Yao
and Maleki, using another theoretical approach [1]. Hence, in
first approximation there are three ways to reduce phase noise
close to the carrier: reduce the power of flicker noise, in-
crease the delay or increase the factor of the RF filter.

Authorized licensed use limited to: IEEE Xplore. Downloaded on February 4, 2009 at 03:37 from IEEE Xplore.  Restrictions apply.
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AM noise PSD, dB/Hz PM noise PSD, dBrad2/Hz 

Y.K. Chembo, K. Volyanskiy, L. Larger, E. Rubiola, P. Colet, & al., IEEE J. Quant. Electron. 45(2) p.178-186, Feb 2009

• Prediction is based on the stochastic diffusion (Langevin) theory 
• However complex, the Langevin theory provides an independent check

selector roll-off
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Parametric noise & AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

w
ψ

v = 1+α
v

α
v
(t) ↔ A

v
(s)

u = 1+α
u

α
u
(t) ↔ A

u
(s)

η(t) ↔ N(s)

Σ

Σ 1

A

file: ele-AM-PM-cpl-param

ψ'(t) ↔ Ψ'(s)

φ(t) ↔ Φ(s)

B
αα

B
φφ

Φ(s)

AM loop

PM loop

w
η

Amplifier

noise

A
u
(s)

w
γ

AM → PM

coupling

ψ"(t) ↔ Ψ"(s)

x(t) ↔ X(s)

Hu(s) =
1

1� (1� �)e�s�

Hv(s) =
1 + (1� �) (1� e�s� )

1� (1� �)e�s�

H⇥(s) =
1 + s�f

1 + s�f � e�s�

Physics suggests that, for 
small fluctuations 
• Amplitude impacts on 

phase 
• Phase has no effect on 

amplitude

http://arxiv.org/abs/1004.5539v1


Effect of AM-PM noise coupling
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|A|
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A=1–γ(u -1)

1

fluctuating
 A = 1–γ(u –1)+η

amplitude
fluct η/γ

ar
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A
)

u
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file: ele-AM-PM-cpl-amp-OEO

Leeson 
effect1+η/γ

ψ = ψ'+ψ''

v
A

u

gain
fluct. η

phase
fluct. ψ'

near-dc
random process

amplifier noise
γfL fL f

H(f)

loop AM response

1 1+η/γ

ψ' ψ" γfL fL f

H(f)

loop AM response

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1


Noise transfer function and spectra
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AM-PM coupling shows up here

In a real oscillator, flicker noise shows up below some 10 kHz 
In the flicker region, all plots are multiplied by 1/f

Notice that the AM-PM coupling can increase or decrease the PM noise



Noise spectra
54

A. Savchenkov & al, Opt. Lett 35(10) 1572-74, 15 may 2010, Fig.2

from 8 GHz to 11.8 GHz [Fig. 3(a)]. The RF phase
was not optimized during the measurement. This is a
significant achievement, since the continuous broad-
band tunability of a fiber-based OEO containing a
tunable filter [8] is generally impossible without
regulating the RF phase. The fiber delay line sup-
ports discreet supermodes, and the tunable optical
filter makes it possible to switch the OEO frequency
among the supermodes. The continuous tunability re-
quires modification of the supermode frequency as
well, and it can be achieved either with an RF phase
shifter or with stretching or heating the fiber loop.
The continuous tunability of our oscillator is possible
because of its small size and the corresponding short
loop length.

To find the tunability speed of the oscillator we per-
formed a measurement of the response time of the
open TOEO loop and found that the tuning speed is
basically given by the power buildup time in the op-
tical resonator. To measure the time we applied a
1 MHz periodic rectangular voltage signal with a
5 ns rise time and 2 V amplitude to the optical reso-

nator. The frequency difference between TE and TM
modes (the SSB modulation frequency) was modu-
lated with 160 MHz amplitude. The self-injection-
locking of the laser is robust with respect to the
modulation; so the laser followed the WGM during
the modulation process. To measure the switching
speed we sent a resonant RF signal to the TOEO loop
and observed changes in the photocurrent as the
modulation frequency takes the resonator in and out
of resonance [Fig. 3(b)]. The observed ring-down sig-
nal has a 165 ns duration, which approximately cor-
responds to the ring-down time of the optical mode
with 1 MHz bandwidth. This basically confirms the
intuitive conclusion that the tuning speed of the
TOEO circuit is given by the highest-Q mode in-
volved in the process. The optical resonator, as the
energy-storage element, limits the tuning speed.

In conclusion, we have demonstrated a tunable
opto-electronic oscillator having broad tunability and
capable of generating RF signals characterized with
high spectral purity. The oscillator takes advantage
of an electro-optic resonator possessing whispering
gallery modes with large optical quality factors. The
oscillator performance can be further improved, and
the device may be packaged to have a smaller form
factor, which would make it attractive for a variety of
applications in which, in addition to phase noise,
small size and low power consumption are important.

This material is based upon work supported in part
by the Defense Advanced Research Projects Agency
(DARPA) under SPAWAR Systems Center, Pacific
contract, N66001-07-C-2049.
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Fig. 2. (Color online) Curve (1) stands for the phase noise
of the WGM-based tunable OEO. The oscillation frequency
is 9.8 GHz. The peak at 1.5!105 Hz results from external
noise coming from the laboratory environment. Curve (2) is
the theoretical limit evaluated by using Eq. (1). Curve (3)
represents the noise floor of our measurement system.

Fig. 3. (Color online) (a) RF power out of the photodiode
versus the oscillation frequency. The oscillation frequency
is changed by modification of the DC bias applied to the op-
tical resonator. (b) Measurement of the tunability speed of
the open TOEO loop.
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Spectrum from K. Volyanskiy & al., IEEE JLT (Submitted, Apr. 2010)

Unfortunately, the awareness of this model come after the end of the experiments
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X.S.Yao & al., NASA TMO Report 42-135 (1998), Fig. 6
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where T is the fiber temperature and To is the temperature at which the TCD is zero. On the other
hand, the frequency stability of the OEO determined by the temperature fluctuation can be expressed as

�fosc

fosc
= ��T ⇥ TCD (11)

Therefore, one may obtain a frequency stability of 10�14 if the fiber is stabilized to within 1 millidegree
centigrade from To.

We also designed and built a temperature chamber and demonstrated the feasibility of stabilizing a
2-km fiber spool to within 1 millidegree centigrade.

IV. Summary
In summary, we have designed, built, and characterized a double-loop OEO operating at 10 GHz. The

free-running OEO has achieved an unsurpassed low phase noise of �140 dBc/Hz at 10 kHz away from the
carrier. Such a low phase noise oscillator can find wide applications in radar systems, microwave photonic

7

Yao & al - (Dual-loop OEO)
Nasa TMO Report 42-135 1998, Fig.6
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Analysis of commercial oscillators
The purpose of this section is to help to understand the oscillator inside from the phase 
noise spectra, plus some technical information.  I have chosen some commercial 
oscillators as an example.!

The conclusions about each oscillator represent only my understanding  based on 
experience and on the data sheets published on the manufacturer web site.!

You should be aware that this process of interpretation is not free from errors.  My 
conclusions were not submitted to manufacturers before writing, for their comments 
could not be included.
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Amplifier white and flicker noise
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The corner frequency ƒc, sometimes specified in data sheets 
is a misleading parameter because it depends on P0 

file: amp-flicker-fc
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• kT0 = 4×10–21 W/Hz (–174 dBm/Hz) 
• floor –146 dBrad2/Hz, guess F = 1.25 (1 dB) => P0 = 2 µW (–27 dBm) 
• ƒL = 4.3 MHz,  ƒL = ν0/2Q  =>  Q = 1160 
• ƒc = 70 kHz,  b–1/ƒ = b0  =>  b–1 = 1.8×10–10 (–98 dBrad2/Hz) [sust.ampli] 
• h0 = 7.9×10–22  and  h–1 = 5×10–17  =>  σy = 2×10–11/√τ + 8.3×10–9

From the table

σ2y = h0/2τ+2ln(2)h–1                

h0 = b–2/ν20  

h–1 = b–3/ν20    



fL = v0/2Q = 2.6 kHz   =>   Q = 1.8×106!
This incompatible with the resonator technology. 

Typical Q of a sapphire whispering gallery resonator:  
2×105 @ 295K (room temp),  3×107 @ 77K (liquid N),  4×109 @ 4K (liquid He). 

In addition, d ~ 6 dB does not fit the power-law.!
The interpretation shown is wrong, and the Leeson frequency is somewhere else
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Fourier frequency, Hz
fL=25kHz

f0 to f−2 conversion

(b−1)ampli=−140 dBrad2/Hz

dBrad2/Hz
(b0)ampli=−169

(b−1)buffer =−120dBrad2/Hz

fc =850Hz

instr. background

oscillator

f−1 to f−3 conversion

noise correction
10 GHz sapphire WG resonator
Poseidon Shoebox

62Poseidon Scientific Instruments − Shoebox 
10 GHz sapphire whispering-gallery (2)
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The 1/f noise of the output buffer is higher than that of the sustaining amplifier  
(a complex amplifier with interferometric noise reduction / or a Pound control)!

In this case both 1/f and 1/f2 are present!
white noise −169 dBrad2/Hz, guess F = 5 dB (interferometer)  => P0 = 0 dBm  

buffer flicker −120 dBrad2/Hz @ 1 Hz => good microwave amplifier!
fL = v0/2Q = 25 kHz   =>   Q = 2×105  (quite reasonable)!

fc = 850 Hz => flicker of the interferometric amplifier −139 dBrad2/Hz @ 1 Hz



• floor –165 dBrad2/Hz, guess F = 1.25 (1 dB) => P0 = 160 µW (–8 dBm) 
• ƒL = 3.2 MHz,  ƒL = ν0/2Q  =>  Q = 625 
• ƒc = 9.3 kHz,  b–1/ƒ = b0  =>  b–1 = 2.9×10–13 (–125 dBrad2/Hz) [sust.ampli, too 

low]
Slopes are not in agreement with the theory

63
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−180
−170
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SS
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B

c/
H

z
Phase noise of two PSI DRO−10.4−FR

DRO−10.4−FR
DRO−10.4−XPL

Fourier frequency, Hz

3dB difference

−30dB/dec

−25 dB/dec
slope

fL =3.2MHz

−20dB/dec

slope close to −25dB/dec 

b0=−165dBrad2/Hz

fc =9.3kHz

7dB

b−1=−165dBrad2/Hz

dBrad2/Hzb−3 =+4

Poseidon Scientific Instruments 
10 GHz dielectric resonator oscillator (DRO)
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64

Enrico Rubiola  –  The Leeson Effect   –   22 basics – commercial oscillators

ANALYSIS
1 – floor S!0 = –155 dBrad2/Hz, guess F = 1 dB             P! 0 = –18 dBm
2 – ampli flicker S! = –132 dBrad2/Hz @ 1 Hz               good RF amplifier!

3 – merit factor Q = "0/2fL  =  5·106/5  =  106   (seems too low)
4 – take away some flicker for the output buffer:

  * flicker in the oscillator core is lower than –132 dBrad2/Hz @ 1 Hz
  * fL is higher than 2.5 Hz
  * the resonator Q is lower than 106 

This is inconsistent with the resonator technology (expect Q > 106).
The true Leeson frequency is lower than the frequency labeled as fL
The 1/f3 noise is attributed to the fluctuation of the quartz resonant frequency  

Courtesy of Oscilloquartz (handwritten notes are mine).
The specifications, which include this spectrum, are available
at the URL  http://www.oscilloquartz.com/file/pdf/8600.pdf 

Oscilloquartz OCXO 8600
outstanding stability oscillator based on a
5 MHz AT-cut BVA (electrodless) resonator
stability #y($) = 3�10-13  for $ = 0.2÷30 s
aging 3�10-12/day

Example – Oscilloquartz 8600 (wrong)

’= 2.2Hz

102 103 410

b0 = −155dBrad /Hz2

−1b = −131dBrad /Hz2

Sϕ(f) dBrad2/Hz

b−3 = −124dBrad2/Hz

Oscilloquartz OCXO 8600
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola

Fourier frequency, Hz
c

f’= 250Hz
L

f

−127

−137

−147

−157

−167

−187

101

−107

−97

−117

E. Rubiola − Phase noise and frequency stability in oscillators
Cambridge University Press 2008 − ISBN 978−0−521−88677−2

File: 603−osa−8600−mod−1st
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Example – Oscilloquartz 8600 (trusted) 65

F=1dB  b0 => P0=–18 dBm (b–3)osc        =>   σy=1.5x10–13, Q=5.6x105 (too low)!
Q≟1.8x106  =>   σy=4.6x10–14  Leeson (too low)

10

b0 = −155dBrad /Hz2

−1b = −131dBrad /Hz2

b−3 = −124dBrad2/Hz

Sϕ(f) dBrad2/Hz

/Hz

Leeson effect (hidden)

1 102 103 4

f =1.4Hz L
f’’= 4.5Hz

2

Oscilloquartz OCXO 8600
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola

resonator instability

sustaining amplifier

sust. ampli + buffer

Fourier frequency, Hz

−107

−97

−117

−127

−137

−147

−157

−167

−187

10

b =−1 −137dBrad

(guessed) f = 63Hz
c

L

E. Rubiola − Phase noise and frequency stability in oscillators

File: 604−osa−8600−mod

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
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Whispering gallery oscillator, liquid-N2 temp
66

104210

−87

−97

−107

−117

−127

−137

−147

−157

−167

10310

−77

−177

fc= 3.1kHz

Fourier frequency, Hz

d
B

ra
d

2 /
H

z
S
ϕ(

f)

fL= 360Hz

Prototype of 9 GHz whispering gallery oscillator (liquid−N, 77 K)

c: system floor

b: electronics

a: free running

dBrad2/Hzb0

b−3 dBrad2/Hz

dBrad2/Hz

dBrad2/Hz= −101

= −136

= −50

−77b−3=

b−1

b

c

a

Woode & al, IEEE TUFFC 43(5), 1996
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Example – Oscilloquartz 8607 67

F=1dB  b0 => P0=–20 dBm (b–3)osc     =>   σy=8.8x10–14, Q=7.8x105 (too low)!
Q≟2x106  =>   σy=3.5x10–14  Leeson (too low)

−1

b0

)osc−1(b

/Hz2dBrad

/Hz2dBrad

/HzdBrad

/Hz2dBrad

Sϕ(f) dBrad2/Hz

2

Oscilloquartz OCXO 8607
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola

)tot(b−3

)tot(b

10 10 10 10 102 3 4 5 6

= −128.5

?

=>

Q=2x106

= −132.5

−153=

=−138.5

Q=7.9x105

−147

−127

−107

−87

−67

−167

1 10
Fourier frequency, Hz

L=1.6Hz

L=1.25Hz <=

L=3.2Hzf"

f’

f

File: 605−osa−8607−mod

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators
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Example – CMAC Pharao 68

F=1dB  b0 => P0=–20.5 dBm (b–3)osc     =>   σy=5.9x10–14, Q=8.4x105 (too low)!
Q≟2x106  =>   σy=2.5x10–14 Leeson (too low)

f"

)tot(b−3

Rakon Pharao
5 MHz OCXO
Courtesy of Rakon, comments of E. Rubiola

Sϕ(f) dBrad2/Hz

b0

)tot(b−1

)osc−1(b

/Hz2dBrad

/Hz2dBrad

/Hz2dBrad

/Hz2dBrad

−1

=50Hzf’

L=3Hz

= −135.5

=−141.5

10

c

Fourier frequency, Hz

−120

−130

−90

−100

−110

−140

−150

−160

−170
1 10

L=1.5Hz

c =13Hz

f’

f=>

technology

L=1.25Hzf

10 10 10 105432

= −132

Q=2x106 ?

=−152.5

File: 606−candelier−bw

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators
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Example – FEMTO-ST prototype 69

F=1dB  b0 => P0=–26 dBm (b–3)osc     =>   σy=1.7x10–13, Q=5.4x105 (too low)!
Q=1.15x106  =>   σy=8.1x10–14  Leeson (too low)(there is a problem)

2dBrad

Q = 1.15x106

/Hz2dBrad=−116.6

/Hz2dBrad

/Hz2dBrad

/Hz2dBrad=−147

3dB

3dB

Sϕ(f) dBrad2/Hz

/Hz apparent
b0

LD cut, 10 MHz,
=−123.2

−1=−136

calculated
Fourier frequency, Hz

sust. ampli + buffer

apparent
L’L=4.3Hzf f’=9.3Hz

FEMTO−ST prototypeLeeson effect (hidden)
b−3

sustaining amplifier
b

b−1=−130

resonator instability
b−3

File: 607−femtost−mod Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators
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Example – Agilent 10811 70

F=1dB  b0 => P0=–11 dBm (b–3)osc     =>   σy=8.3x10–13, Q=1x105 (too low)!
Q≟7x105  =>   σy=1.2x10–13  Leeson (too low)

1/f0 Noise Floor

1/f1

1/f3

System Rolloff
Measurement

ϕ
/HzdBrad

Courtesy of Agilent Technologies

(f)

Comments of E. Rubiola

S 2

fL 7Hz~~
=320Hz frequency, Hz

−137

(guess!)

−157

10

−147

c
f’

10

−167
2 3 10

f

4

L=50Hz’

−117

−107

101

−127

Agilent 10811

 = −131 dBb
sust. ampli + buf

b−1 = −137 dB
sust. amplifier

b0 = −162 dB

10 MHz OCXO

−1

experimental data

b−3 = −103 dB

Cambridge University Press 2008 − ISBN 978−0−521−88677−2

File: 608−10811−bw

E. Rubiola − Phase noise and frequency stability in oscillators
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Example – Agilent prototype 71

F=1dB  b0 => P0=–12 dBm (b–3)osc     =>   σy=9.3x10–13  Q=1.6x105 !
Q≟7x105  =>   σy=2.1x10–13 (Leeson)

/HzdBrad(f)ϕS 2

fL 7Hz~~

fc=4Hz f’L=320Hz’

−160

−140

−120

−100

−80

1 10

−180

(guess!)

Fourier frequency, Hz

10 10 10 10 102 3 4 5 6

/Hz

b−1 = −132 dBrad2/Hz

b−1 = −152 dBrad2/Hz

Comments of E. Rubiola

Agilent prototype

10 MHz OCXO
Courtesy of the IEEE

−1

 = −158 dBrad0b

−3b  = −102 dBrad2/Hz

/Hz = −126 dBrad2

simple sust. amplifier

corrected sust. amplifier

b
sust. ampli + buf

2

upper bound

possible

E. Rubiola − Phase noise and frequency stability in oscillators
Cambridge University Press 2008 − ISBN 978−0−521−88677−2
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Interpretation of Sφ(f)    [1] 72

real phase-noise spectrum

Sanity check:!
– power P0 at  amplifier input!
– Allan deviation σy (floor)

after parametric estimation

fc 6dB~~
fL’’

S ϕ
(f

)

Leeson effect?

ν0

L2f’’
Qs=

evaluate

fL’’estimate

take away the
buffer 1/f noise

−1fb−1 −1b f−1b−3f−3

0

L’

−1
b0f

f f

flicker

buffer + sust.ampli

sustaining ampli

start from

b−1af

File: 602a−xtal−interpretation

E. Rubiola − Phase noise and frequency stability in oscillators
Cambridge University Press 2008 − ISBN 978−0−521−88677−2

2–3 buffer stages => the 
sustaining amplifier 
contributes ≲ 25% of the 
total 1/f noise

Only quartz-crystal oscillators
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Interpretation of Sφ(f)    [2] 73

Technology suggests a quality factor Qt. In all xtal oscillators we find Qt ≫ Qs

−2

fcfL fL’ fL’’

S ϕ
(f

)

resonator 1/f
freq. noise

the Leeson effect
is hidden

fL
ν0=
2Qt

technology => Qt
b−3f−3

f

x

sustaining ampli

f

File: 602b−xtal−interpretation

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators

Only quartz-crystal oscillators
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Example – Wenzel 501-04623 74

F=1dB  b0 => P0=0 dBm (b–3)osc     =>   σy=5.3x10–12  Q=1.4x104 !
Q≟8x104  =>   σy=9.3x10–13 (Leeson)

Estimating (b–1)ampli !
is difficult because !
there is no visible!
1/f region

Data are from the 
manufacturer web site.  
Interpretation and 
mistakes are of the 
authors.

1

−120

−140

1010 1010 5

−150

43
−180

−170

−160

210

Fourier frequency, Hz

−100

−130

−110

 =>
Lf’’ =3.5kHz

specifications

Sϕ(f) dBrad2/Hz

b−3=−67dBrad2/Hz

b0=−173 dBrad2/Hz

L =625Hzf

Leeson effect (hidden)
is about here

ampli noise (?)

Wenzel 501−04623
100 MHz OCXO
Comments of E. Rubiola

−30dB/dec

Q=8x10guess 4

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators
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Quartz-oscillator summary 75

R =
(�y)oscill
(�y)Leeson

����
floor

=

�
(b�3)tot
(b�3)L

=
Qt

Qs
=

f ��L
fL

Oscillator ⌫
0

(b�3

)
tot

(b�1

)
tot

(b�1

)
amp

f 0L f 00L Qs Qt fL (b�3

)
L

R Note

Oscilloquartz
8600

5 �124.0 �131.0 �137.0 2.24 4.5 5.6⇥105 1.8⇥106 1.4 �134.1 10.1 (1)

Oscilloquartz
8607

5 �128.5 �132.5 �138.5 1.6 3.2 7.9⇥105 2⇥106 1.25 �136.5 8.1 (1)

Rakon
Pharao

5 �132.0 �135.5 �141.1 1.5 3 8.4⇥105 2⇥106 1.25 �139.6 7.6 (2)

FEMTO-ST
LD prot.

10 �116.6 �130.0 �136.0 4.7 9.3 5.4⇥105 1.15⇥106 4.3 �123.2 6.6 (3)

Agilent
10811

10 �103.0 �131.0 �137.0 25 50 1⇥105 7⇥105 7.1 �119.9 16.9 (4)

Agilent
prototype

10 �102.0 �126.0 �132.0 16 32 1.6⇥105 7⇥105 7.1 �114.9 12.9 (5)

Wenzel
501-04623

100 �67.0 �132 ? �138 ? 1800 3500 1.4⇥104 8⇥104 625 �79.1 15.1 (6)

unit MHz
dB

rad2/Hz
dB

rad2/Hz
dB

rad2/Hz
Hz Hz (none) (none) Hz

dB
rad2/Hz

dB

Notes
(1) Data are from specifications, full options about low noise and high stability.
(2) Measured by Rakon on a sample. Rakon confirmed that 2⇥106 < Q < 2.2⇥106 in actual conditions.
(3) LD cut, built and measured in our laboratory, yet by a di↵erent team. Qt is known.
(4) Measured by Hewlett Packard (now Agilent) on a sample.
(5) Implements a bridge scheme for the degeneration of the amplifier noise. Same resonator of the Agilent 10811.
(6) Data are from specifications.
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Courtesy of OEwaves (handwritten notes are mine). Cut from the oscillator specifications available at the  URL http://
www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf

76

Enrico Rubiola  –  The Leeson Effect   –   24 basics – commercial oscillators

Courtesy of OEwaves (handwritten notes are mine).
Cut from the oscillator specifications available at the URL http://www.oewaves.com/products/pdf/TIDALwave_Datasheet_012104.pdf

Opto-electronic oscillator

http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf


Opto-electronic oscillator
77

b0 −138

b−4 = +11 dBrad2/Hz

~~f
L

7kHz ?
(wild guess)

dBrad2/Hz

b−2 = ??

(−141 dBc/Hz)
−3 = −21 dBrad2/Hz ~~b

(+8 dBc/Hz)

(−24 dBc/Hz)

OEwaves Tidalwave photonic oscillator (10 GHz)
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Courtesy of OEwaves (handwritten notes are mine). Cut from the oscillator specifications available at the  URL http://
www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf

http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf
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b
–3

 = –50 dBrad2/Hz

b
–2

 = –81 dBrad2/Hz

OEwaves OEO, the lowest phase noise (2007) 

min = –156 dBrad2/Hz

b
–8

 = +21 dBrad2/Hz (??)

Courtesy of OEwaves, notes are mine
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b
–3  = –10 dBrad 2

/Hz

b
–4  = +2 dBrad 2

/Hz

b
–2  = –42 dBrad 2

/Hz
min = –137 dBrad

2
/Hz

NIST 10.6 GHz OEO, Römisch & al, IEEE UFFC 27(5) p.1159 (2000)
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b0 = –139 dBrad
2
/Hz

b
–1  = –109 dBrad 2

/Hz

OEO amplifier, Römisch & al, IEEE UFFC 27(5) p.1159 (2000)
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file le−calc−romisch
src allplots−leesonphase noise   Sphi(f)

S.Romisch delay−line oscillator

frequency, Hz

parameters:
 tau = 5.9E−6 s
 m = 62300
 nu_m = 10.6 GHz
 Q = 8300
 b_0 = −131 dB
 b_−1 = −98 dB
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Things may not be that simple

from 8 GHz to 11.8 GHz [Fig. 3(a)]. The RF phase
was not optimized during the measurement. This is a
significant achievement, since the continuous broad-
band tunability of a fiber-based OEO containing a
tunable filter [8] is generally impossible without
regulating the RF phase. The fiber delay line sup-
ports discreet supermodes, and the tunable optical
filter makes it possible to switch the OEO frequency
among the supermodes. The continuous tunability re-
quires modification of the supermode frequency as
well, and it can be achieved either with an RF phase
shifter or with stretching or heating the fiber loop.
The continuous tunability of our oscillator is possible
because of its small size and the corresponding short
loop length.

To find the tunability speed of the oscillator we per-
formed a measurement of the response time of the
open TOEO loop and found that the tuning speed is
basically given by the power buildup time in the op-
tical resonator. To measure the time we applied a
1 MHz periodic rectangular voltage signal with a
5 ns rise time and 2 V amplitude to the optical reso-

nator. The frequency difference between TE and TM
modes (the SSB modulation frequency) was modu-
lated with 160 MHz amplitude. The self-injection-
locking of the laser is robust with respect to the
modulation; so the laser followed the WGM during
the modulation process. To measure the switching
speed we sent a resonant RF signal to the TOEO loop
and observed changes in the photocurrent as the
modulation frequency takes the resonator in and out
of resonance [Fig. 3(b)]. The observed ring-down sig-
nal has a 165 ns duration, which approximately cor-
responds to the ring-down time of the optical mode
with 1 MHz bandwidth. This basically confirms the
intuitive conclusion that the tuning speed of the
TOEO circuit is given by the highest-Q mode in-
volved in the process. The optical resonator, as the
energy-storage element, limits the tuning speed.

In conclusion, we have demonstrated a tunable
opto-electronic oscillator having broad tunability and
capable of generating RF signals characterized with
high spectral purity. The oscillator takes advantage
of an electro-optic resonator possessing whispering
gallery modes with large optical quality factors. The
oscillator performance can be further improved, and
the device may be packaged to have a smaller form
factor, which would make it attractive for a variety of
applications in which, in addition to phase noise,
small size and low power consumption are important.

This material is based upon work supported in part
by the Defense Advanced Research Projects Agency
(DARPA) under SPAWAR Systems Center, Pacific
contract, N66001-07-C-2049.
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Fig. 2. (Color online) Curve (1) stands for the phase noise
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noise coming from the laboratory environment. Curve (2) is
the theoretical limit evaluated by using Eq. (1). Curve (3)
represents the noise floor of our measurement system.

Fig. 3. (Color online) (a) RF power out of the photodiode
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tical resonator. (b) Measurement of the tunability speed of
the open TOEO loop.
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This could be due to AM/PM coupling
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intensity (RIN) noise of the laser was relatively large. We measured the RIN at the laser output 

to be -1 lOdBc/Hz at 1 Hz, and -135 dBc/Hz at 10 kHz. At this level, the RIN was the limiting 

factor in the phase noise performance of the OEO. Results of the OEO phase noise are shown in. 
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Figure 1. Noise Performance of the OEO with DFB laser. 

Figure 1. The three curves correspond to optical fiber delay lines of 2,4, and 6 Kni, respectively. 

Notice that at about 10 KHz, the noise of all three lengths of delay are about -120 tlBc. This is a 

deviation from the expected performance, as previously detailed in our analysis, and in 

experiments. The culprit here is the FUN noise of the laser which sets the floor achievable, 

regardless of the fiber loop length. With the floor set at about -120 dBc/Hz, longer lengths of 

fiber reduce the close to carrier noise more effectively, resulting in varying slopes for the three 

lengths of fiber. Despite this limitation, the phase noise performance of the oscillator, even with 

the short (2 km) length of fiber delay is comparable with some of the highest performance 10 

GHz oscillators. 
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Summary of relevant points
• The Leeson effect consists in a phase-to-frequency conversion 
• fully explained as a phase (noise) integration 
• takes place below fL = ν0/2Q 
• The step response provides analytical solutions and physical inside. 

(Same formalism introduced by Oliver. Heaviside in network theory)  
• Buffer noise and resonator instability add to the Leeson effect 
• Amplifier phase noise 
• white noise: Sφ scales down as the carrier power P0 
• flicker noise: Sφ is independent of P0 
• Numerous oscillator spectra can be interpreted successfully 
• The amplitude-noise response is similar to phase noise, but gain 

compression provides stabilization at low frequencies 
• The theory indicates that amplitude-phase coupling results in a 

deviation from the polynomial law 
• Unified AM/PM noise that applies to resonator-oscillators and to 

delay-line oscillators, including optical oscillators 
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